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 CONDITIONAL VOLATILITY OF COLOMBIAN 
GOVERNMENTAL FIXED INCOME SECURITIES AS A 

PREDICTOR OF SHORT-TERM RETURNS 

Javier O. Pantoja*

ABSTRACT

According to literature, the long-maturity forward rates have information about the structure of the expected 
short-term returns. This paper finds that the conditional volatility factor also has information for predicting the term 
premium in the six-month expected returns with different maturities. That is, including conditional volatility allows 
capturing a risk factor consistent with the agent’s expectations. A slow mean-reverting process is also found across 
different maturities, which is the case of the governmental fixed income securities. In fact, the power of forecast-
ing changes from a six-month to a three-year forward period, at six-month steps according to the mean-reverting 
tendency which also implied that its predictive power improves at longer forecasting horizons. On the other hand, 
it presents evidence about the Colombian markets crash in May 2006, which generated special conditions that 
impacted the market’s behavior and the agent’s risk tolerance.

KEY WORDS: conditional volatility; short term return structure; forward rates; GARCH models; term pre-
mium; governmental fixed income securities.

Volatilidad condicional de los títulos de renta fija  
del Gobierno colombiano como predictor de los retornos 

de corto plazo

RESUMEN

De acuerdo con la literatura las tasas de interés futuras de largo plazo ofrecen información relevante que 
las convierte en un buen predictor de la estructura de retornos de corto plazo. Este artículo encuentra que el 
factor de volatilidad condicional posee información para predecir la prima a plazo con intervalos de seis meses 
para diferentes vencimientos. En otras palabras, incluir la volatilidad condicional como factor permite captar las 
señales de riesgo en consonancia con las expectativas de los agentes. Se evidencia, además, un proceso lento de 
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reversión a la media para diferentes vencimientos en los títulos gubernamentales, lo cual incide sobre la capacidad 
de predicción, que en este caso muestra ser mayor para vencimientos más tardíos. Por otra parte, se presenta 
evidencia sobre la caída del mercado colombiano en mayo de 2006, hecho que generó condiciones especiales 
de operación, además de impactar sobre la percepción de riesgo de los agentes.

PALABRAS CLAVE: volatilidad condicional; estructura de retornos de corto plazo; tasas de interés 
futuras; modelos GARCH; prima de riesgo; títulos gubernamentales de renta fija.

1. 	 INTRODUCTION 

The dynamic of the short-term interest rate 
has fundamental information which can be used 
for valuating processes and for pricing fixed income 
securities and their extension as well as derivatives 
that use them as underlying assets. Several authors 
have already concluded papers where two different 
approaches are presented to estimate the structure 
of the expected short-term returns; the standard no-
arbitrage approach1 and the equilibrium model2. The 
first finds the term-structure of interest rate model, 
the second basic approach finds the process that 
the term-structure follows. In this case, the second 
basic approach is appropriate with conditions of 
the fixed income security markets. This paper finds 
that expected short-term returns depend on factors 
such as variations in expected spot-rates, which are 
captured by conditional volatility factor and also, 
variations in current forward rates. So the main test-
able theory such as the Pure Expectation Hypothesis 
(PEH) sustains that bond yields are given by the 
unbiased expectations of future-short-term interest 
rates given by the forward rates, plus a non-nega-
tive risk premium; it gives support for modeling the 
term premium in the six-month-expected returns with 
different maturities. Therefore, this paper studies the 
information in conditional volatility and forward rates 

about the current expected returns for semiannually 
Colombian Treasury maturities to three years. 

In addition, the Colombian markets had 
crashed in May 2006, which generated special condi-
tions that impacted the market’s behavior and pre-
sented a structural change, where series before and 
after show different pattern trends and also different 
considerations about the agent’s risk tolerance. In 
fact, the crash produced a structural change3 which 
generated difficulty to demonstrate stationary of the 
series. We had split data into two series. Firstly, daily 
data was taken from August 1, 2002 to May 5, 2006. 
Secondly, daily time-series data was taken from May 
6, 2006 to February 7, 2008; in Figure 1, structural 
change can be seen. The reason why data series 
were split was to explore differences in predictability 
of short-term returns from the conditional volatility 
factor and current forward rates for each scenario, 
without structural change effect. Both, data series 
before and after the crash were used for predicting 
expected short-term returns.  

The results of the paper on expected returns 
produce reliable inferences about the structure of 
expected returns for maturities beyond a year. Us-
ing cross-sectional time-series general least square 
(GLS) regression approach, this paper extends Fama 

1	 This approach is followed by Ho and Lee (1986), Derman and Toy (1990), Hull and White (1990), among others.

2	 This approach is followed by Merton (1973), Vasicek (1977), Brennan and Schwartz (1980), Cox, Ingersoll and Ross 
(1985), for one factor, and Brennan and Schwartz (1979), Longstaff and Schwartz (1992), among others.

3	 Using CUSUM test with OLS residuals, Chow test and Wald test statistics, we proved presence of structural change 
in the specific date.



75Escuela de Ingeniería de Antioquia

and Bliss (1987) model of the expected short-term 
return as a function of the corresponding forward 
rate, towards the use of one more factor which is the 
conditional volatility of Colombian Treasury Bond 	
(T-Bonds) returns. On the other hand, this paper finds 
significant evidence about the forecast power of the 
factors used such as forward rates and conditional 
volatility of the Colombian T-bonds. Evidence sug-
gests that forward rates and volatility of T-bonds can 
forecast future short-term returns, in contrast with 
previous tests that found little evidence of the power 
of forecast as a possible tool4. It was also found that 
the power of forecast increases at a time in which 
the forecast horizon is extended because the series 
show slow mean-reverting tendency. Furthermore, 
its predictive power improves at longer forecast 
horizons. In fact, hypothesis that interest rates are 
mean reverting tendency was researched by several 
authors5. In order to find the mean-reverting condition 
in the series, augmented Dickey-Fuller (1979), Phillips-	
Perron (1988) and Kwiatkowski-Phillips-Schmidt-Shin 
(1992) unit-root statistic tests for detrained data were 
applied, in which trend effects caused by sensor drift 
were removed. Therefore, these tests have essentially 
researched whether the predictability condition is 
presented in our explicative variables. Results showed 
that the series are stationary. The tests results are 
shown in Appendix 1 for both scenarios: before and 
after the crash. 

In order to build a set of explicative variables, 
conditional volatility was modeled using the gener-
alized autoregressive conditional heteroskedastic-
ity volatility modeling –GARCH model– (Bollerslev, 
1986), which is specified as:
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Therefore, GARCH (p, q) model with t-dis-
tribution and p=1 and q=2 was used. In the next 
step, the expected term-premium return using cross 
sectional GLS regression model was used to obtain 
the expected term-premium return for different 
maturities and with two series: before and after 
the crash. Those series have three and two years 
forward at six-month steps. The plots of the interest 
rate volatility estimated by GARCH (1, 2) model for 
pre-crash period are shown in Appendix 3 and 4, 
those graphs and the model were constructed using 
MATrix LABoratory program –MatLab.

4	 Michel Hamburger and E. N. Platt (1975) and Robert J. Shiller et al. (1983) concluded that results on the forecast 
power of forward rates do not exist. So did Fama (1984a), confirming that forward rates forecasts of near-term changes 
in interest rate are poor.  

5	 Nelson and Plosser (1982) and Fama and Gibbons (1984), among others.

(3)

(4)
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Figure 1 shows the Colombian Treasury Bonds 
for maturities from a six-month to a three-year for-
ward period, at six-month steps in daily pattern, and 
also it shows the moment of the Colombian markets 
crash in May 2006. 

The data for this paper consists of the daily 
trading rates of the Colombian Bonds prices in 
Colombian Pesos (COP) of the National Electronic 
Market of the Colombian Security Exchange, sepa-
rated into two series; the first, from August 1, 2002 
to May 5, 2006, and the second, from May 6, 2006 
to February 7, 2008; both series are expressed in a 
daily pattern. The instantaneous forward rate for 
each maturity horizon can be obtained by means of 
a differential equation.

)/exp()/()/exp()( 210 ττβτββ mmmmf −+−+= (5)

Where t is a positive constant and b0, b1,  b2,  b3 
are the parameters to be estimated. The next equation 
was used to obtain the instantaneous forward rate 

Figure 1. Colombian Treasury Bonds for different maturities

Figure 1 shows the Colombian Treasury Bonds for maturities from a six-month to a 
three-year forward period, at six-month steps in daily pattern, and also it shows the 
moment of the Colombian markets crash in May 2006.

The data for this paper consists of the daily trading rates of the Colombian Bonds 
prices in COP6 of the National Electronic Market of the Colombian Security 
Exchange, separated into two series; the first, from August 1, 2002 to May 5, 2006, 
and the second, from May 6, 2006 to February 7, 2008; both series are expressed 
in a daily pattern. The instantaneous forward rate for each maturity horizon can be 
obtained by means of a differential equation. 
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Finally, the following equation is obtained if we derivate previous equations (Nelson 
and Siegel, 1987) 
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Finally, the following equation is obtained if 
we derivate previous equations (Nelson and Siegel, 
1987).
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Where  are the parameters and “m”, represents the maturity 
horizons. We used series and parameters to estimate zero coupon rates and 
forward rates for maturities in each trading day. Parameters 
were obtained, using the daily trading rates, by means of bootstrapping technique. 
Based on this method, spot and forward rates can be approximated to a constant 
in the short and long term.

This paper presents evidence about the term premium in the six-month expected 
returns with different maturities on governmental fixed income securities and 
includes significant conditions about agents expectative that are relevant to the 
Colombian markets conditions, whose results are perceptible in current bond 
prices and interest rates. Fama and Bliss (1987) found that current forward rates 
on one-to 5-year U.S. Treasury Bonds have information about the current term 
structure of 1-year expected return on the bonds and explained that 1-year forward 
rates forecast changes in the 1-year interest rate 2-to 4-year ahead, and they 
focused on the increasing forecast power with the forecast horizon. Brenner (1996)
presented a relationship between interest rate and bond prices volatility. 
Dankenbring (1996) found that, in the German economy, volatility of interest rate 
depends as well on the stochastic perturbations associated with new information. 
Zuñiga (1999) found that GARCH model brought best information to explain 
volatility behavior of the short-term interest rate. Other papers focused on the 
interest rate estimation including Ball and Torous (1996), Longstaff and Schwartz 
(1992), Mashayekh (1996). This paper shows that the conditional volatility factor 
also has information in Colombian market for predicting the term premium in the six 
month expected returns with different maturities. In Section II, empirical work is 
described, and Section III presents a conclusion. 

II. EMPIRICAL WORK

In order to clarify the following elaborations, a definition of the variables is 
provided. The term premium return (Tpr) on a  discount bond 
bought at time  and sold at where  takes 2-Sm, 3-Sm, 4-Sm, 5-Sm 
and 6-Sm values and the bond was sold when it has Six-month to maturity. 
Furthermore, the holding return is defined as follow: 
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prices in COP6 of the National Electronic Market of the Colombian Security 
Exchange, separated into two series; the first, from August 1, 2002 to May 5, 2006, 
and the second, from May 6, 2006 to February 7, 2008; both series are expressed 
in a daily pattern. The instantaneous forward rate for each maturity horizon can be 
obtained by means of a differential equation. 
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5-year U.S. Treasury Bonds have information about 
the current term structure of 1-year expected return 
on the bonds and explained that 1-year forward rates 
forecast changes in the 1-year interest rate 2-to 4-year 
ahead, and they focused on the increasing forecast 
power with the forecast horizon. Brenner (1996) 
presented a relationship between interest rate and 
bond prices volatility. Dankenbring (1996) found 
that, in the German economy, volatility of interest 
rate depends as well on the stochastic perturbations 
associated with new information. Zuñiga (1999) 
found that GARCH model brought best information 
to explain volatility behavior of the short-term inter-
est rate. Other papers focused on the interest rate 
estimation including Ball and Torous (1996), Longstaff 
and Schwartz (1992), Mashayekh (1996). This paper 
shows that the conditional volatility factor also has 
information in Colombian market for predicting the 
term premium in the six-month expected returns with 
different maturities. In Section 2, empirical work is 
described, and Section 3 presents a conclusion.

2. 	 EMPIRICAL WORK 

In order to clarify the following elaborations, 
a definition of the variables is provided. The term 
premium return (Tpr) on a (t – Sm) discount bond 
bought at time t0 and sold at t0 + t – 1 where t takes 
2-Sm, 3-Sm, 4-Sm, 5-Sm and 6-Sm values and the 
bond was sold when it has Six-month to maturity. Fur-
thermore, the holding return is defined as follow:

Tpr(t, 1: t0 + t – 1)                              (8)

And the six-month forward rates for the peri-
ods from t0 + t – 1 to t0 + t is defined as 

 fr(t, t – 1): t0 )                                                                    (9)

And the six-month forward rates can be ex-
pressed like a difference of rates as follows:

 fr(t, t – 1): t0 )  = r(t – 1: t0)             (10)

Since r(t: t0 )  = –ln p(t: t0)   then the next 
relation can be established

       

                                                             (11)

The  current  price  at  time  t0  of the  t – 1 dis-
count bond that pays $1 at maturity is the present 
value of the expected six-month returns on the bond. 
The next expression shows the current bond price.

Hence,

The last equations were obtained by defini-
tion of returns, which express that the price contains 
forecast of equilibrium expected return (Fama and 
Bliss, 1987). Under the assumption that forward rates 
reasonably forecast the current six-month spot rate 	
r(1: t0 + t – 1) to observe at time t0 + t – 1. More-
over,  fr(t, t – 1: t0 ) has rational information about 	
r(1: t0 + t – 1). If equation 13 is combined with equa-
tion 11 and subtracting a six-month spot rate r(1: t0 ), 
the next relation could be established

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

(12)

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

(13)

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

(14)

The forward spot spread could be established 
as fr(t, t – 1: t0 ) – r(1: t0 ). Also, it can be found that 
realized returns are the same that the expected value 
of the future six-month return. So that the next expres-
sion is produced from equation 14. 

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

And the six-month forward rates for the periods from  to  is defined 
as

 9. 

And the six-month forward rates can be expressed like a difference of rates as 
follows: 

 10. 

Since  then the next relation can be established 

 11. 

The current price at time  of the  discount bond that pays $1 at maturity is 
the present value of the expected six-month returns on the bond. The next 
expression shows the current bond price. 

Hence, 

The last equations were obtained by definition of returns, which express that the 
price contains forecast of equilibrium expected return (Fama and Bliss, 1987). 
Under the assumption that forward rates reasonably forecast the current six-month 
spot rate to observe at time . Moreover, 
has rational information about . If equation 13 is combined with 
equation 11 and subtracting a six-month spot rate , the next relation could 
be established 

The forward spot spread could be established as  Also, it 
can be found that realized returns are the same that the expected value of the 
future six-month return. So that the next expression is produced from equation 14.

(15)

According to the pure expectation hypothesis 
(Fisher, 1896), forward rates contain forecast of the 
market’s expectations of future short-term rates, 
which is expressed in next equation:
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Exchange, from August 1, 2002 to May 5, 2008 for the first series, and from May 6, 
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premium return obtained using Equation 8, the forward rates from Equation 9, and 

the conditional volatility obtained from GARCH (1, 2) model could be obtained. 

Those variables were used to estimate and establish the first, such as endogenous 

variable was included a new set of variables. The realized term premium return 
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If we combined equations 15 and 16, the next 
relation could be established  

	

Hence,

Including the new factor and organizing the 
variables, in order to capture the volatility effect, the 
next model could be built

t – 1 and the spot rate denoted by  r(1: t0  ) was used. 
In that case, the spot rate obtained from a six-month 
Treasury bill as a variable was used to establish an 
econometric condition. These explanatory variables 
permit to forecast expected short-term return, using 
cross-sectional time-series GLS regression. Appendix 
2 presents statistics for the risk factors statistically 
significant. 

Evidence shows that volatility pattern on in-
terest rates depends on the stochastic perturbations 
associated with risk preferences of the agents, such 
as that illustrated in Figure 2.

Besides, evidence shows that coefficients  b1 
and b2 are greater than zero, which means that for-
ward spot spread and conditional volatility factors 
observed at time t0  have power to forecast changes 
on the six-month spot rate (t – 1) periods ahead. 
Also, our evidence shows that firstly slope in forward 
spot spread b1 for different maturities tends to be 
constant throughout time. Slope b1 shows values 
around 0.60, which implies that it does not improve 
at a longer forecast horizon due to future spot 	
rate r(1: t0 + t – 1) in equation 16, and it is cal
culated from the six-month Treasury bills at time 	
(t0 + t – 1) which generates measurement errors 
in the prices valuated at time t0  and bias in forward 
spot spread is introduced and the forecast power in 
the forward rate is difficult to consider. Secondly, the 
conditional volatility factor has power to forecast 
the term premium (t – 1) six-month return because, 
surprisingly, the predictive power of forecasting in 
the conditional volatility increases at a longer fore-
cast horizon on the pre-crash period according to 
agent’s expectative. Slope b2 goes with values from 
–1.402295 to 12.255030, which means that agents 
show risk tolerance in that economic period and 
they prefer short-term to invest. On the post-crash 
period, the first periods show the same behavior, 
slope b2 goes with values from 6.282145 to 12.534680 
and 9.335782 in the end period. Appendix 2 and 
3 show that, for maturities t at six-month steps, 
the impact of conditional volatility in each period 	
is greater than previous maturities, which means 	

(17)
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(18)

Estimation of the expected term premium 
return is based on risk measures that capture unex-
pected changes on spot rates and risk preferences, 
in order to capture significant effects in structure 
of the spot rates, so that expected changes in the 
expected short-term return from day t through day 
t+1 can be estimated. Using information of the 
daily trading rates of the Colombian Bonds prices 
in COP from the National Electronic Market of the 
Colombian Security Exchange, from August 1, 2002 
to May 5, 2008 for the first series, and from May 
6, 2006 to February 7, 2008 for the second series, 
registered day by day, the term-premium return 
obtained using equation 8, the forward rates from 
equation 9, and the conditional volatility obtained 
from GARCH (1, 2) model could be obtained. Those 
variables were used to estimate and establish the 
first one, such as endogenous variable was included 
a new set of variables. The realized term premium 
return expressed by Tpr(t, 1: t0 + t – 1) – r(t, 1: t0 ), 
where t represents different maturities from one to 
three years for the first series and one to two years 
for the second series, both at six-month steps. The t0 
represents the actual date or zero in the time scale 
and 1 represents one six-month period. The second, 
the six-month forward spot spread expressed by 	
fr(t, t – 1: t0 ) – r(1: t0  ) or forward spot spread from 
t – 1 to t. Finally, the conditional volatility expressed 
by CVp(t – 1: t0 ) or conditional volatility from t0  to 	
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According to the pure expectation hypothesis Fisher (1896), forward rates contains 
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Hence, 

Including the new factor and organizing the variables, in order to capture the 
volatility effect, the next model could be built 

Estimation of the expected term premium return is based on risk measures that 
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significant effects in structure of the spot rates, so that expected changes in the 
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second series, both at six-month steps. The represents the actual date or zero in 

the time scale and 1 represents one six-month period. The second, the six-month 

forward spot spread expressed by  or forward spot spread 

(19)
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Figure 2. The Interest Rate Volatility. Those plots show the daily changes in the six-month Treasury bond yield; 
the solid line is the yield estimated by GARCH (1, 2) model, on the pre-crash period, for maturities  

from one to 6- six-month periods in daily pattern
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that expected return increases with the maturity 	
according to the liquidity preference hypothesis 
(Hicks, 1939 and Kessel, 1965). If the liquidity pre-
mium a = – a is considered, it could be observed (for 
example) that the premium increases monotonically 
throughout the maturity rising from –0.0436289 to 
0.4556571 in pre-crash period.

3. 	 CONCLUSIoN

The estimates of the term premium return, 
using cross-sectional GLS regression, demonstrate 
that, due to conditional volatility and slow mean-
reverting tendency, the expected term premium 
return changes throughout time and the power of 
forecast of the conditional volatility increases at lon-
ger forecast horizon which is evident on the pre-crash 
period, where slopes of the volatility factor goes from 
–1.402295 to 12.255030 across different maturities 
such as a sign of the agents expectative. Moreover, 
evidence shows that agents prefer shorter term bonds 
to invest than short or long term bonds. Besides, the 
post-crash period shows the same pattern in the first 
and second maturity but decreasing at the end of the 
maturity bond. According to the liquidity preference 
hypothesis, this model is equivalent to the liquidity 
premium constant a = – a, which increases mono-
tonically throughout the maturity, taking into account 
that agents prefer shorter term bonds to invest. On 
the other hand, based on the conditional volatility 
factor, longer term bonds are riskier than shorter 
bonds. Moreover, term premium return is higher for 
long-term maturities. 
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Appendix

Appendix 1: Unit Root Test Statistical 

This table presents summary statistics for unit-root test (augmented Dickey-Fuller, Phillips-Perron and 
Kwiatkowski-Phillips-Schmidt-Shin tests statistic). Critical values for augmented Dickey-Fuller and Phillips-

Perron tests statistic test statistic (-1.941118) is used at the 95% level, asymptotic critical value for Kwiatkowski-
Phillips-Schmidt-Shin test statistic is 0.463 at the 95% level

Appendix

Appendix 1: Unit Root Test Statistical.

This table presents summary statistics for unit-root test (Augmented Dickey-Fuller, Phillips-

Perron and Kwiatkowski-Phillips-Schmidt-Shin tests statistic). Critical values for 

Augmented Dickey-Fuller and Phillips-Perron tests statistic test statistic (-1.941118) is 

used at the 95% level, Asymptotic critical value for Kwiatkowski-Phillips-Schmidt-Shin test 

statistic is 0.463 at the 95% level. 

Unit Root Before Crash Unit Root After Crash
ADF P-Perron KPSS ADF P-Perron KPSS

TPR_0_1 -2,810461 -3,776149 0,461242 TPR_0_1 -2,117074 -2,214568 0,430649
TPR_0_2 -1,997299 -1,983831 0,344742 TPR_0_2 -3,283297 -2,999283 0,105647
TPR_0_3 -2,641031 -2,073358 0,323552 TPR_0_3 -1,983306 -2,953308 0,14857
TPR_0_4 -2,771519 -3,092072 0,080467 FSS_1_2 -4,62919 -5,02688 0,069529
TPR_0_5 -2,815517 -2,695383 0,314069 FSS_2_3 -3,051516 -3,492092 0,08195
FSS_1_2 -2,954263 -9,658271 0,321457 FSS_3_4 -2,087827 -2,087827 0,224432
FSS_2_3 -3,118762 -5,430375 0,295744 CV_0_1 -4,180511 -15,93866 0,237665
FSS_3_4 -2,960581 -5,176589 0,306276 CV_0_2 -3,42065 -4,59542 0,317077
FSS_4_5 -3,579308 -7,559941 0,300387 CV_0_3 -2,236582 -2,904532 0,229839
FSS_5_6 -3,795539 -10,96084 0,258509 CV_0_4 -2,048335 -2,700086 0,235004
CV_0_1 -2,374416 -6,39034 0,263263
CV_0_2 -7,977302 -8,167526 0,037307
CV_0_3 -7,030738 -6,407517 0,068107
CV_0_4 -6,138222 -5,408338 0,110698
CV_0_5 -4,918651 -4,309987 0,214249

Test critical values for:
 - Augmented Dickey-Fuller  test statistic 1% level -2,567115
 - Phillips-Perron  test statistic 5% level -1,941118
*MacKinnon (1996). 10% level -1,616501
Asymptotic critical values*: 1% level 0,739
*Kwiatkowski-Phillips-Schmidt-Shin (1992, 5% level 0,463

10% level 0,347
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Appendix 2. Results from Regressions of Expected Term Premium Return

This table presents summary statistics from cross-sectional time-series GLS regression model using the 
time series of the daily trading rates of the Colombian Bonds prices in COP from the National Electronic Market 

of the Colombian Security Exchange, from August 1, 2002 to February 7, 2008, registered day by day;  
the spot rates and the six-month forward rates; two variables were included; firstly, the six-month forward  

spot spread expressed by  fr(t, t – 1: t0 ) – r(1: t0  ) or forward spot spread from t – 1 to t; secondly, 
the conditional volatility expressed by CVp(t – 1: t0 ) or conditional volatility from t0  to t – 180 – days; 

the spot rate was also used, denote by r(1: t0  )

, 1: :  : 1: :  

Generalized least squares for stimating Term premium return - Before Crash
Coef�icients are adjusted for possible Heteroscedasticity and Autocorrelation

TPR Before Crash α β1 β2 z -stat( α)  P>|z| z -stat( β1)  P>|z| z -stat( β2)  P>|z| Wald chi^2(2) Prob [chi^2]
Tpr [0_1-Six-month] 0,0436289 0,6720463 -1,402295 4,21 0,000000 40,00 0,000000 -4,21 0,000000 1630,82 0,00000
Tpr [0_2-Six-month] -0,1153406 0,9489337 3,647920 -4,35 0,000000 26,66 0,000000 4,35 0,000000 810,00 0,00000
Tpr [0_3-Six-month] -0,2465561 0,6781752 7,503357 -6,71 0,000000 7,39 0,000000 6,71 0,000000 167,09 0,00000
Tpr [0_4-Six-month] -0,3076191 0,5410877 8,951214 -13,16 0,000000 5,22 0,000000 13,16 0,000000 333,42 0,00000
Tpr [0_5-Six-month] -0,4556571 0,5538993 12,255030 -18,93 0,000000 3,07 0,002000 17,82 0,000000 372,67 0,00000

Generalized least squares for stimating Term premium return - After Crash
Coef�icients are adjusted for possible Heteroscedasticity and Autocorrelation

TPR After Crash α β1 β2 z -stat( α)  P>|z| z -stat( β1)  P>|z| z -stat( β2)  P>|z| Wald chi^2(2) Prob [chi^2]
Tpr [0_1-Six-month] -0,3252761 0,6609659 6,282145 -2,64 0,008000 9,82 0,000000 2,64 0,008000 164,48 0,00000
Tpr [0_2-Six-month] -0,6492189 0,3676227 12,534680 -6,42 0,000000 4,98 0,000000 6,43 0,000000 263,15 0,00000
Tpr [0_3-Six-month] -0,4853783 1,1782410 9,335782 -4,76 0,000000 7,55 0,000000 4,76 0,000000 131,92 0,00000

Note:  Tpr(t,1: t0 + t–1) is the return on  t  six-month discount bond bought at time  t0   and sold at (t0+t–1), when it has 
six-month to maturity.

Generalized least squares for stimating Term premium return - Before Crash

TPR Before Crash 1 2 z -stat( )  P>|z| z -stat( 1)  P>|z| z -stat( 2)  P>|z| Wald chi^2(2) Prob [chi^2]
Tpr [0_1-Six-month] 0,0436289 0,6720463 -1,402295 4,21 0,000000 40,00 0,000000 -4,21 0,000000 1630,82 0,00000
Tpr [0_2-Six-month] -0,1153406 0,9489337 3,647920 -4,35 0,000000 26,66 0,000000 4,35 0,000000 810,00 0,00000
Tpr [0_3-Six-month] -0,2465561 0,6781752 7,503357 -6,71 0,000000 7,39 0,000000 6,71 0,000000 167,09 0,00000
Tpr [0_4-Six-month] -0,3076191 0,5410877 8,951214 -13,16 0,000000 5,22 0,000000 13,16 0,000000 333,42 0,00000
Tpr [0_5-Six-month] -0,4556571 0,5538993 12,255030 -18,93 0,000000 3,07 0,002000 17,82 0,000000 372,67 0,00000

Generalized least squares for stimating Term premium return - After Crash

TPR After Crash 1 2 z -stat( )  P>|z| z -stat( 1)  P>|z| z -stat( 2)  P>|z| Wald chi^2(2) Prob [chi^2]
Tpr [0_1-Six-month] -0,3252761 0,6609659 6,282145 -2,64 0,008000 9,82 0,000000 2,64 0,008000 164,48 0,00000
Tpr [0_2-Six-month] -0,6492189 0,3676227 12,534680 -6,42 0,000000 4,98 0,000000 6,43 0,000000 263,15 0,00000
Tpr [0_3-Six-month] -0,4853783 1,1782410 9,335782 -4,76 0,000000 7,55 0,000000 4,76 0,000000 131,92 0,00000

Note: is the return on  six-month discount bond bought at time  and sold at , when it has six-
month to maturity.  

Generalized least squares for stimating Term premium return - Before Crash

TPR Before Crash 1 2 z -stat( )  P>|z| z -stat( 1)  P>|z| z -stat( 2)  P>|z| Wald chi^2(2) Prob [chi^2]
Tpr [0_1-Six-month] 0,0436289 0,6720463 -1,402295 4,21 0,000000 40,00 0,000000 -4,21 0,000000 1630,82 0,00000
Tpr [0_2-Six-month] -0,1153406 0,9489337 3,647920 -4,35 0,000000 26,66 0,000000 4,35 0,000000 810,00 0,00000
Tpr [0_3-Six-month] -0,2465561 0,6781752 7,503357 -6,71 0,000000 7,39 0,000000 6,71 0,000000 167,09 0,00000
Tpr [0_4-Six-month] -0,3076191 0,5410877 8,951214 -13,16 0,000000 5,22 0,000000 13,16 0,000000 333,42 0,00000
Tpr [0_5-Six-month] -0,4556571 0,5538993 12,255030 -18,93 0,000000 3,07 0,002000 17,82 0,000000 372,67 0,00000

Generalized least squares for stimating Term premium return - After Crash

TPR After Crash 1 2 z -stat( )  P>|z| z -stat( 1)  P>|z| z -stat( 2)  P>|z| Wald chi^2(2) Prob [chi^2]
Tpr [0_1-Six-month] -0,3252761 0,6609659 6,282145 -2,64 0,008000 9,82 0,000000 2,64 0,008000 164,48 0,00000
Tpr [0_2-Six-month] -0,6492189 0,3676227 12,534680 -6,42 0,000000 4,98 0,000000 6,43 0,000000 263,15 0,00000
Tpr [0_3-Six-month] -0,4853783 1,1782410 9,335782 -4,76 0,000000 7,55 0,000000 4,76 0,000000 131,92 0,00000

Note: is the return on  six-month discount bond bought at time  and sold at , when it has six-
month to maturity.  

Generalized least squares for stimating kerm premium return, before crash
Coefficients are adjusted for possible heteroskedasticity and autocorrelation

Generalized least squares for stimating term premium return, before crash
Coefficients are adjusted for possible heteroskedasticity and autocorrelation
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 Appendix 3. Fitted and realized term premium return before crash

This plot shows the percentage term-premium return before crash. Both, realized and predicted values, were 
obtained from cross sectional GLS regression from six month to three years forward, at six-month steps,  

for maturities at six-month, 2-six-month, 3-six-month, 4-six-month, 5-six-month, 6-six-month in each trading  
day of the National Electronic Market of the Colombian Security Exchange, from August 1, 2002 to May 5, 2006

Appendix 3: Fitted and realized term premium return before crash 

This plot shows the percentage Term-Premium Return before Crash. Both, 
realized and predicted values were obtained from cross sectional GLS regression 
from six month to three years forward, at six-month steps, for maturities at six-
month, 2-six-month, 3-six-month, 4-six-month, 5-six-month, 6-six-month in each 
trading day of the National Electronic Market of the Colombian Security 
Exchange, from August 1, 2002 to May 5, 2006. 
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Appendix 3. Fitted and realized term premium return before crash (Continuation)

Appendix 3: Fitted and realized term premium return before crash 
(Continuation) 
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Appendix 3. Fitted and realized term premium return before crash (Continuation)
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Appendix 4: Fitted and realized term premium return after crash 

This plot shows the percentage Term-Premium Return after Crash. Both, realized 
and predicted values were obtained from cross sectional GLS regression from six 
month to two years forward, at six-month steps, for maturities at six-month, 2-six-
month, 3-six-month, 4-six-month, in each trading day of the National Electronic 
Market of the Colombian Security Exchange, from May 6, 2006 to February 7, 
2008.
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Appendix 4. Fitted and realized term premium return after crash

This plot shows the percentage term-premium return after crash. Both, realized and predicted values, were 
obtained from cross sectional GLS regression from six month to two years forward, at six-month steps, 

for maturities at six-month, 2-six-month, 3-six-month, 4-six-month, in each trading day of the National Electronic 
Market of the Colombian Security Exchange, from May 6, 2006 to February 7, 2008  



87Escuela de Ingeniería de Antioquia

Appendix 4: Fitted and realized term premium return after crash (Continuation) 
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Appendix 4. Fitted and realized term premium return after crash (Continuation)


